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ABSTRACT Adsorptive endocytosis is mediated by a structural transformation of a two-dimensional hexagonal lattice
to a polyhedron or coated vesicle. Clathrin is the structural protein involved in this process. A theoretical model that
focuses on the energetics of clathrin in coated vesicle formation is presented. Fisher's cluster model of phase transitions
is applied to this problem. The equilibrium constant for the process of converting a large two-dimensional patch to a
coated vesicle and a smaller patch is calculated. There are three energetic contributions to be considered. They are the
surface energy, the interior or lattice energy, and a loop entropy. Features of the Ising model are introduced into this
model by scaling the critical exponents. In determining the configurational partition functions required for equilibrium
constant calculations, the polyhedron is represented as a planar graph with no surfaces. The equilibrium constants are
extremely sensitive to changes in the lattice and surface energies. The loop entropy contributions favor bimodal
distributions in vesicle size under certain conditions. Conditions can also be established where the energy required to
form the vesicle is small.
INTRODUCTION
Recent findings suggest that cellular transport of macro-
molecules by coated vesicles is a common and general
phenomenon in eukaryotes (see reference 1). In adsorptive
endocytosis a patch of receptors on the cell surface is
transformed into a vesicle in the interior of the cell. The
structural protein involved in this process is called clathrin.
Clathrin forms an amazingly regular hexagonal lattice in
the membrane (2). In 1981, Ungewickell and Branton
observed by electron microscopy that the polyhedral units
were constructed of units they termed "triskelions" (3).
Each triskelion consists of three clathrin molecules joined
together at one vertex. The clathrins form bent arms
leading out of the vertex, giving the triskelion a "pin-
wheel" appearance. Specific receptors for the molecules to
be endocytosed bind to the. clathrin network. The endocy-
totic process involves a structural transformation of the
clIathrin network from a two-dimensional hexagonal lattice
into a polyhedron made up of twelve pentagons and a
variable number of hexagons. The energetics of this pro-
cess is unknown. However, it has been suggested that this
structural transformation could occur spontaneously by a
series of dislocations in the two-dimensional lattice (4).
Another possibility is that actin fi'laments could serve to
pull the clathrin network into the cell. A subsequent
pinching of the membrane at the cell surface would form
the coated vesicle. Actin fi'laments have been observed near
the membrane surface (2). There is clearly not enough
experimental evidence to favor one model over another.
In this paper we develop a statistical mechanical model
to assess the various energetic contributions to this struc-
tural transformation. We focus solely on the clathrin
network considering only the transformation of a two-
dimensional lattice into a polyhedral structural. Our model
is based upon Fisher's "cluster" or "droplet" model of
phase transitions (5, 6). It incorporates the features of a
two-dimensional Ising model by a renormalization of criti-
cal exponents. These exponents depend primarily on the
dimensionality of the cluster. The application of this theory
to the clathrin structural transformation allows a general
assessment of some of the factors that favor coated vesicle
formation. Conditions are also established that yield a
bimodal population distribution in vesicle size. Similar
bimodal distributions have been observed under physiolog-
ical conditions (7) and in vitro (8).
THEORY
The problem of the energetics of coated vesicle formation is modeled by
the transformation of a two-dimensional lattice into a polyhedron. Thus,
the following process is considered:
Two-dimensional lattice ofM points 1- polyhedron ofN
points + two-dimensional lattice ofM - N points. (1)
This process is illustrated in Fig. 1. The two-dimensional lattice on the cell
surface tends to be hexagonal with three clathrins meeting at each vertex
and three clathrins forming an edge. In this model we consider the
energetics of the vertices and not the individual clathrins. The polyhe-
drons consist of 12 pentagons and a variable number of hexagons as
determined by electron microscopy (2, 9). Relationships between the
number of edges, vertices, and faces can he derived from Euler's equation
and elementary equations of graph theory. It can be easily shown that for
a polyhedron whose vertices are all third order (three edges) and whose
faces are either pentagonal or hexagonal there must be 12 and only 12
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On the basis of simple geometric considerations of surface areas in two
and three dimensions, a 0.5 and 0.667, respectively. The slightly higher
values determined by the scaling laws is presumably due to the fact that
the surface can be uneven and can have ripples in it. The loop energy term
is an entropy effect. It is due to the restriction of the number of possible
configurations of a cluster by the fact that the surface must close on itself.
Thus, a random walk over the surface of the cluster must always be
capable of returning to its starting point. The form of this entropy
contribution was determined from well known relationships concerning
random lattice walks. In two dimensions r = 2.067 and is the same for a
square or triangular lattice. In three dimensions T = 2.192. The parameter
r like a is determined from scaling laws for the cluster model (5). The
term, qo, is an amplitude factor for the loop entropy. In a previous
application of the cluster model to lipid phase transitions qo was
calculated by (10)
FIGURE 1 A pictorial representation of an equilibrium process in which
the planar, hexagonal lattice of clathrin is transformed into a polyhedron
or vesicle and a smaller planar lattice. The isomorphism of a polyhedron
with a planar graph is shown.
pentagons and N must be an even number. The smallest possible number
for N is 22. When calculating an equilibrium constant for the process in
Eq. 1, one must bear in mind these restrictions on N. As will become
evident from the theory, the details of the lattice and polyhedron structure
will not be as important as their dimensionality.
To analyze this situation an application of the Fisher cluster or droplet
theory is used. This theory has been used to demonstrate the effects of
short range interactions and dimensionality on critical phenomena (5, 6).
In this microscopic model, any configuration of particles is considered to
be composed of a collection of clusters. Each cluster consists of an integral
number of particles in close association. Particles within the cluster
interact in pairs, and clusters are not considered to interact with each
other. This emphasizes the short-range nature of the interactions. The
dimensionality of the system is introduced through scaling laws. These
laws relate parameters of the model to critical exponents. The critical
exponents are obtained either experimentally or for two dimensions by an
exact solution of the Ising model.
The Fisher theory allows the calculation of a configurational partition
function, q, for a cluster of I particles. This is related to the total energy of
the cluster by
AG(l) = -RT1n(q1/V). (2)
The cluster free energy, AG(I), is divided into three terms; an interior or
bulk energy term, a surface energy term, and a loop entropy term. This
gives
AG(l) = zAGINTERIOR + AGSURFACE + AGLOOP (3)
where
AGINTERIOR 0 l
RT
=- = llnyR RT
AGSURFACE aoy PIln x
RT RT
AGLOOP
- ='ilnl- lnq0.RT
The interior energy term, X, represents the lattice binding energy of the
three clathrins making up a vertex located inside the cluster. The surface
term is due to the lost clathrin-clathrin interactions at the edge of the
cluster. It consists of a surface tension, y, multiplied by the surface area,
aol'. For two dimensions a = 0.533, but for three dimensions a = 0.640.
(4)
This is determined by the requirement the AG(TOrAL) = 0, x = 0, and y = 0
at a critical temperature.
The configurational partition function for a cluster is then given by
q= qo(l)xy e-AG(I)/RT
V lr
Defining the equilibrium constant for the process in Eq. 1 as
-RT In K,,q = AGN(vesicle)
+ AGM-N(2D patch) - AGM(2D patch)
and using Eqs. 4-6 gives
K qM-N(2D patch) qN(vesicle)
VqM(2D patch)
(5)
(6)
(7)
In the calculation of q, for the hexagonal two-dimensional lattice, the
appropriate values of a and r are 0.533 and 2.067, respectively. In
considering the configurational partition function for the vesicle or
polyhedron, there are two major simplifying factors. First, there is no
exposed surface with unbound clathrin ends. Therefore, the surface
energy is nonexistent and x = 1. It doesn't matter what the value of a is in
this case. The second simplification results from the fact that all
polyhedron are topologically isomorphic with a planar graph. A polyhe-
dron is considered to be an "embedding" of a planar graph. This
isomorphism is illustrated in Fig. 1. Thus, the appropriate value for r is
the two-dimensional value of 2.067. Taking these factors into consider-
ation the equilibrium constant becomes
qo(M-N)qo(N) MN)(N))x N) TM'RN
°q qo(M) \(M-N)(N)} (8)
where R = Y(,a,dC)/Y(2DpstCh) If the clathrin-clathrin bonds are strained in
going from the patch to the vesicles then R < 1. If there is no strain, then
R = 1.
In this calculation the translational energy has not been accounted for.
There are two contributions to be considered. The first is the translation of
vertices within the lattice. This will have no effect on the equilibrium
constant since both the patch and the vesicles can be viewed as two-
dimensional structures. The second contribution is due to the translation
of the entire patch on the cell surface and to the translation of the vesicle
in the interior of the cell. Because the vesicle has one more degree of
translational freedom, the overall effect would favor vesicle formation. A
calculation of the translation partition functions would require an
estimate of the entire mass that moves with the patch and of the mass of
the contents of the vesicle. We do not consider these terms, although they
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FIGURE 2 A plot of log K,q vs. N, the number of vertices in the
polyhedron. The total number of vertices is 1,000. Conditions are given
where the surface energy of the planar patch is favorable, x > 1, and
unfavorable, x < 1. The internal lattice energy is constant, R = 1.
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FIGURE 3 A plot of log Kq vs. N, the number of vertices in the
polyhedron. The total number of vertices is 1,000. Conditions are given
where the internal lattice energy changes from the planar patch to the
polyhedron. For R < 1 the internal energy is less favorable in the
polyhedron and for R > 1 it is more favorable. The surface energy
contribution is set equal to zero, x = 1.
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may have a significant effect. Given reasonable estimates of the appropri-
ate masses, these contributions could be easily accounted for.
RESULTS AND DISCUSSION
Using Eq. 8, the effects of the three energy terms specified
in Eq. 2 can be demonstrated. Fig. 2 shows the effect of the
surface energy. In this figure, K,q vs. N is given for several
different patch surface energies. A slight unfavorable unit
surface energy, x < 1, will strongly favor vesicle formation,
while a slightly favorable surface energy, x > 1, will
strongly disfavor it. In Fig. 3, the effects of differences in
the interior lattice energy are shown. A small change in the
lattice strain has profound effects on the equilibrium
constant. The loop entropy contributions are shown in Fig.
4. These curves show that vesicle formation is enhanced for
both small and very large N. The effects are qualitatively
independent of patch size, M. The loop entropy is most
favored when the original patch breaks down to a second
large structure, regardless of whether this be another patch
(small N) or a large vesicle (large N).
In Fig. 5, Keq vs. N is shown under conditions that are
closer to the physiological case. In this plot, R is slightly <1
indicating a small strain in the clathrin-clathrin interac-
tion. x is expected to be relatively small due to the lost
clathrin-clathrin interactions at the surface. Fig. 5 indi-
cates that these two effects can counteract each other to
some extent. The resulting equilibrium constants then
favor vesicles of very small or very large N.
Application of the cluster model to the structural trans-
formation of a clathrin network allows a simple visualiza-
tion of some of the energetic factors involved in coated
vesicle formation. As has been shown, a slight strain in the
clathrin-clathrin interactions in the polyhedron can have
an extremely large unfavorable effect on the process. These
forces are probably counterbalanced by the unfavorable
surface interactions in the patch. An experimental deter-
mination of the thermodynamics of clathrin-clathrin inter-
actions would allow an estimate of the unfavorable surface
energy caused by "lost" clathrin-clathrin interactions. One
example in Fig. 5 (R = 0.4, x = 1.0 x 10-14) shows that a
strain of -0.5 kcal/vertex at room temperature is more
than compensated at low and high vesicle size by an
unfavorable energy of 19 kcal for a surface vertex. Most
surface vertices will have two free clathrin ends. If a
clathrin-clathrin interaction is - 10 kcal then this would be
a realistic number for a surface energy. The interesting
feature of this model is that it is not difficult to have
conditions in which a bimodal distribution consisting of
very small and very large vesicles is possible. This effect is
due primarily to the loop entropy. Such bimodal distribu-
tions have already been observed experimentally (7, 8).
In considering the energetics of the process, the model of
spontaneous transformation (4) cannot be ruled out. It is
not unusual to have favorable equilibrium constants, espe-
cially at high N. However, we frequently observe equilib-
rium constants between 10-3 and 10-4 at low N. This
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FIGURE 4 A plot of log K,q vs. N/M, the ratio of the number of vertices in the polyhedron to the total number of vertices. Conditions are given where the
surface energy is zero and there is no change in the internal lattice energy. These plots demonstrate the contributions from the loop entropy. The
dependence on total number of vertices is shown.
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FIGURE 5 A plot of log Kq vs. N, the number of vertices in the polyhedron. The total number of vertices is 1,000. Conditions are given where the
polyhedron has a slightly less favorable internal lattice energy than the planar patch. The planar patch has an unfavorable surface energy contribution
due to lost clathrin-clathrin interactions. These effects are shown to counterbalance each other under certain conditions.
would suggest that a small amount of energy, e.g., the
hydrolysis of one ATP, would be required to drive the
transformation. While this cluster model is undoubtedly an
oversimplification of the overall energetics of coated vesicle
formation, it can provide some guidelines to the factors
important in this process.
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